A higher dimensional version of the well-known Carleson measure characterization of BMO functions is given.
Introduction
The main purpose of this paper is to prove a higher dimensional version of the well-known Carleson measure characterization of BMO functions.
Let B denote the unit ball in C", n > 1, and m the 2n-dimensional Lebesgue measure on B normalized so that m(B) = 1, while a is the normalized surface measure on its boundary S. For the most part we will follow the notation and terminology of Rudin [9] .
For ¿¡£S and 0<r5<2,put ß,(i) = { n £ S : |1 -(n, i) | < 0} .
The class BMO consists of functions f £ L2(a) for which I!/IIbmo = sup^y |/(^)-/G|2 rfa^) < OO, where fç> denotes the averages of / over Q and the supremum is taken over all Q = Qs(i).
A positive Borel measure p on B is called a Carleson measure if p (B¿(£)) < CS", for all £eS, 0<<?<2,where Bs(t) = {z £ B : |1 -(z, Ç) | < S}.
Here and elsewhere constants are denoted by C, which may indicate a different constant from one occurrence to the next. If n = 1, then the Theorem is well known (see, for example, [10] ). Note that dp(z) = dv(z) in this case. See also [2] .
Recall that H2 is a subspace of L2(a) consisting of functions / such that P[f] is holomorphic in B . If / £ H2 , n > 1, the equivalence of statements (a) and (b) was proved in [5] and the equivalence (a) ■<=>■ (c) in [3] .
Preliminaries
As in [9] , we say that a function u £ C2(B) is ^-harmonic in B, ueJK,if Au(z) -0 for every z £ B . The operator A is the invariant Laplacian defined by Am(z) = A(u o tpz)(0), z £ B, where A is the ordinary Laplacian and <pz the standard automorphism of B taking 0 to z (see [9] ).
For a £ B and 0 < r < 1 let Er(a) = { z £ B : \tpa(z)\ < r} . The measure t defined on B by dx(z) = (1 -|z|2)-"-1 dm(z) is Af-invariant (see [9] ).
where
where T¡j = ~z¡^--~Zj- §z-are tangential derivatives.
Lemma 2.3 ([7]
). Let 1 < / < j < n, l<k<n,0<r<l. There is a constant K such that if f £JZ, then
where uk = §£ or uk = §L.
Remark. In [7] analogous estimates for T¡jRf and T¡jRf, based on the reproducing formulas which are derived in [1] , are obtained. Since the same reproducing formulas holds for the functions uk (see [1] ), the same argument Proof. For \z\ > 1/4, we have G(z) < 16"(1 -|z|2)" .
We may proceed as in the proof of Lemma 2.1 ( [7] ) to conclude that \RF(z)\2, \RF(z)\2, \TijF(z)\2 and \Ti}T(z)\2, 1 < i < j < n, have Jfsubharmonic behaviour. Hence, A\F\2(z) has ^-subharmonic behaviour by (2.2). Thus, for \z\ < 1/4, we have A\F\2(z)<C Í À\F\2(w)dx(w)<C fA\F\2(w)(l-\w\2)"dx(w), £■1/4(2) 15
and therefore
I G(z)A\F\2(z) dx(z) <C l(\-|tü|2)"Ä|F|2(«;) dr(w).
|z|<l/4 B
Proof of the Theorem
The proof of Theorem 1 ( [5] ) shows that if f £ BMO, then dp(z) is a
Carleson measure. (b) => (c) It is easy to see that if dp(z) is a Carleson measure, then (1 -\z\2)\RF(z)\2dm(z) and (1 -\z\2)\RF(z)\2dm(z) are Carleson measures. Hence, by Lemma 2.2, to show that dv(z) is a Carleson measure it suffices to show that \TijF(z)\2 dm(z) and |r¿_/f(z)| dm(z) are Carleson measures for all 1 < / < j < n .
We will show that \T¡jF(z)\2 dm(z) is a Carleson measure. Analogously, we may prove that |7/y-.F(z)| dm(z) is a Carleson measure.
An integration by parts shows that Now we proceed as in [6] . Let i; e S and S > 0. By standard estimates (see [9] , p. 17) <C Í (\-\z\2)\uk(z)\2dm(z)<CSn, Bud) since, from the assumption that (1 -|z|2) \VF(z)\2dm(z) is a Carleson measure, it follows easily that (1 -|z|2) \uk(z)\2 dm(z) is a Carleson measure for all 1 < k < n .
Notice that if w e Bs (Ç) and z e A¡ we have
From the estimate a({ n e S : \ 1 -r (n, Ç) \ < ô }) < Co" , 0 < r < 1 (see [9] , p.67), it follows easily that JB ({)(1 -|i(;|2)-1/2í/m(ií;) < Côn+l'2. Using this and again the fact that \uk(z)\2(\ -\z\2)dm(z) is a Carleson measure we get I2 < Co" . Now we will show that (1 -\w\2)\F(w)\2dm(w) is also a Carleson measure. Without loss of generality we may assume that .F(O) = 0. Let 5 > 1 and 0 < r < 1 . Using Lemma 3.1 in [7] we find that Here we have used the fact that 11 -(z, tw) \ = 1 -|z|2, for z e Er(tw), and the simple estimate |1 -t (z, w) |_1 < 2|1 -(z, w) |_1 , 0 < / < 1, z ,w e B.
(In fact, by an integration we can get a better estimate.)
